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Evaluation of Layerwise Mixed Theories
for Laminated Plates Analysis

Erasmo Carrera*
Turin Polytechnic Institute, Turin 10129, Italy

The evaluation of mixed layerwise theories to calculate the in-plane and out-of-plane responses of thick plates
in twe-dimensional modeling of multilayered structures is made. The employed models, which were proposed by
the author in earlier works, a priori fulfill the continuity of transverse shear and normal stress components at the
interface between two adjacent layers. A Reissner’s mixed variational equation is used to derive the governing
equations, in terms of introduced stress and displacement variables. The interface continuity conditions are im-
posed by writing the governing equations at a multilayered level. The related standard displacement formulations
are also discussed for comparison purpose. Closed-form solutions are presented for plates made of orthotropic
lamina and bent by harmonic distribution of transverse pressure. Symmetrically and unsymmetrically laminated,
as well as sandwich, plates have been investigated. A comparison with a three-dimensional-elasticity analysis shows
that present mixed layerwise models furnish a better description of the in-plane and out-of-plane response of thick
plates with respect to existing layerwise and equivalent single-layer theories. In particular, the proposed models
describe, with excellent accuracy, the transverse shear and normal stress fields. Unlike available current models,
these fields are herein determined a priori without requiring implementation of any postprocessing procedures.
The distribution of the transverse displacement and transverse normal stress in the plate thickness direction are

also shown for most of the problems.

I. Introduction

HE evaluations of transverse shear and normal stress and the

related effects have played an important, constant role in thick-
multilayered-plate analyses. Recent interest in such evaluations is
due to the use of composite materials in primary thick components.
In fact, as laminated materials undergo transition from secondary
to primary structural components, the goals of analysis must be
broadened to include the highly accurate assessment of localized
regions where damage is likely to take place. As experienced by
early three-dimensional elasticity analyses,! the variation of the
mechanical properties in the thickness direction of laminated struc-
tures, for compatibility and equilibrium reasons, leads to displace-
ment and transverse stress fields, which reveal discontinuous deriva-
tives in correspondence to each interface. The so-called zigzag form
of displacement fields and interlaminar continuity for the trans-
verse stresses were summarized in Ref. 4 using the term C:f_’ re-
quirements, that is, displacement and transverse stress fields must
be C-continuous functions in the plate thickness direction z. Fur-
thermore, the mentioned three-dimensional elasticity analyses un-
derlined the fundamental role played by transverse normal stress.
Nevertheless, three-dimensional-elasticity solutions are available in
only a few cases, which are mainly related to simple geometries,
specific stacking sequence of the lamina, and linear problems. In
the most general cases and to minimize the computational effort,
two-dimensional models are preferred in practice. In this respect,
an enormous number of models and approximated techniques has
been proposed over the last three decades. Exhaustive overviews on
these topics can be found in many published review papers. Among
these are Refs. 4-8. A short review, which is useful for the purpose
of this work, is here given.

Classical models, i.e., classical lamination theories (CLTs) and
first-order shear deformation theory (FSDT), have been extended
to laminated structures.® Higher-order expansions were applied to
laminated plates by Lo et al.!” These theories are based on the
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displacement formulation and belong to the group of equivalent
single-layer models (ESLMs). These models preserve the indepen-
dence of the number of the independent variables from the numbers
of the layers. Unfortunately, CLT and FSDT, as well the model in
Ref. 10, do not account for the C;’ requirements. Nevertheless, trans-
verse shear stress can be evaluated at a postprocessing level through
integration of the three-dimensional indefinite equilibrium equa-
tions. The obtained results have, however, shown high inaccuracy
in thick plate cases.! On the other hand, this postprocessing opera-
tion cannot be implemented in the general case of a nonsymmetric
in-plane stress response with respect to the plate middle surface,'!
as is in the case for nonlinear analysis.!?

Improvements, with respect to classical approaches, were achi-
eved through partial fulfillment of the C? requirements using higher-
order shear deformation theories (HSDTs). A pioneering analysis
was presented by Yu,' where in-plane zigzag effects and transverse
shear continuity were both fulfilled in correspondence to the two in-
terfaces of a sandwich plate. Zero top—bottom plate conditions on the
transverse shear stress were implemented to laminated structures by
Reddy.!* Cho and Parmerter' included in-plane zigzag effects and
transverse shear continuity for arbitrarily laminated plates in a five-
degree-of-freedom model. This work could be considered the best
version of displacement-based theories that have originated from
Refs. 16-18. Among HSDT models, particular mention should be
made of the excellent work by Ren.!” Ren extended very early work
by Lekhnitstkii?’?! to anisotropic plates that had originally been
presented for multilayered beams. In contrast to Ref. 15, zigzag
kinematics were not assumed by Ren but were derived by means of a
stress function formulation. The resulting seven-degree-of-freedom
model (two more than the one by Cho and Parmerter'?) a priori ful-
filled the three-dimensional indefinite equilibrium equations, show-
ing excellent agreement with respect to three-dimensional elasticity
solutions.

Unfortunately, because of the intrinsic material couplings be-
tween the transverse normal and in-plane stress components, all
of the mentioned ESLMs experienced difficulties in extending the
zigzag forms to the transverse displacement component or in ac-
counting for the interlaminar continuity of the transverse normal
stress. As a consequence, all of the related results have shown
deficiencies in analyzing problems in which transverse normal
stress plays a determinant role.!""?> The present paper does not
overview results and theories based on the method of asymptotic
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expansion.?:?* In particular one can refer to the recent work by
Hodges et al.>® and Satyrin and Hodges, where an optimum
Reissner-like theory, based on asymptotic correction, is presented.

Better results were obtained by employing models in which
two-dimensional approximations were introduced at a layer level:
layerwise models (LWMs). The number of the unknown variables
remains dependent on the number of layers.?’**® From a computa-
tional point of view, LWMs are more expensive than ESLM. The
local-global strategies'!? have also been proposed to minimize
computational efforts: LWMs are used in those regions of the struc-
tures in which an accurate description is required, whereas ESLMs
are employed in the remaining parts. However, LWM results have
shown acceptable accuracy with respect to three-dimensional anal-
yses, but available models do not a priori and completely fulfill C?
requirements. LWMs based on displacement formulation cannot
normally account for a priori transverse stress interlaminar continu-
ity. In fact, transverse stresses are generally evaluated a posteriori via
integration of three-dimensional indefinite equilibrium equations.

In these scenarios, the convenience of assuming two indepen-
dent fields for displacement and transverse stress components ap-
peared evident to Reissner.3*3! As a result, he proposed a mixed
equation as a tool to variationally establish governing equilib-
rium and constitutive equations in terms of the introduced dis-
placement and stress variables. This mixed equation has been used
by Murakami,?? Toledano and Murakami,?*:3* Rao and Meyer-
Piening,” and Carrera® in the field of ESLM formulation. Even
though Refs. 34 and 35 a priori and completely included the C? re-
quirements, the obtained results have shown a high deficiency in
treating arbitrarily laminated plates. In those cases in which an ac-
curate description is required, the use of a mixed equation, therefore,
requires a layerwise description. Toledano and Murakami, who in
Ref. 33 employed Reissner’s mixed equation to propose a layer-
wise theory, also knew of this conclusion. Unfortunately, in Ref. 33
the transverse normal stress has been discarded, and consequently,
the model has resulted in severe limitations to analyze very thick
structures.

From the preceding discussion, the following conclusions
emerge. 1) ESLMs can undergo difficulties in analyzing very thick,
multilayered plates; in particular, they lead to a poor description of
the transverse normal stress and related consequences. In this re-
spect, the use of LWM is required. 2) Reissner’s mixed approaches
furnish the possibility of a priori and completely introducing the C?
requirements. 3) Transverse normal stress cannot be neglected in
thick plates analysis.

The author has shown the convenience of referring to the Reissner
mixed variational equations in multilayered plate analysis in view
of the fulfillment of the C? requirements in a recent series of pa-
pers based on these conclusions.* 2237 In Ref. 4, mixed ESLMs and
LWMs were proposed. Attention was focused on approximated solu-
tion techniques, and the resulting governing equations were written
as a system of algebraic equations. A weak form of Hooke’s law
was also introduced into this work to reduce the mixed cases to the
displacement ones. Further discussions and subcase theories were
provided in Ref. 22, where finite element applications were out-
lined. The strong form of the layerwise theories was provided in a
subsequent paper by deriving the governing differential equations in
terms of stress and strain resultants.3” A standard displacement for-
mulation was also used in Ref. 37 for comparison. A few numerical
results, restricted to cross-ply, symmetrically laminated thick plates,
showed the accuracy of the mixed models in the a priori evaluation
of transverse normal stress fields. Such accuracy encouraged the
further analyses and discussion reported in the present work.

The paper has been organized as follows. The material and geo-
metrical models, as well as the assumed displacement and transverse
stress layerwise fields, are described in the next section. The govern-
ing equations related to both displacements and mixed formulations
are given in Sec. III in terms of the introduced variables. With re-
spect to Ref. 37, the governing equations at a layer level in terms
of stress and displacement variables are herein explicitly given in
Appendices A—C. C! requirements are imposed in Sec. IV, where
assembly from a layer to a multilayered level is described. A closed-
form solution of a Navier type is also discussed in this section for the
case of orthotropic lamina. A numerical investigation is presented in

Sec. V, where transverse shear and normal stresses are evaluated for
thin and thick plates. Symmetric and nonsymmetric laminates, as
well as sandwich plates, have been investigated. A comparison with
available results is given. The main conclusions are summarized in
the last section.

II. Basic Assumptions

The geometry and the coordinate system of the laminated plates
of N, layers are shown in Fig. 1. The integer k, which is extensively
used as both subscripts or superscripts, denotes the layer number that
starts from the plate bottom, and x and y are the plate middle surface
coordinates. I'* is the layer boundary on Q*: I'¥ and I}, are those
parts of I'* on which geometrical and mechanical boundary condi-
tions are imposed, respectively. Here, z and z; are the plate and layer
thickness coordinates / and h,, respectively. Also, & = (2zi/ i)
is the correspondent nondimensioned local plate coordinate; Ay is
the k-layer thickness domain.

To completely and a priori fulfill the c? requlrcments an LWM
is assumed for both dlsplacement uk ({uf, u u" }) and transverse
stress fields of ({o¥ Oy yz, }) The followmg N order expansion
has been chosen in the th1ckness direction of each k-layer:

u* = Fu* + Fuf + Fuf = Fuf Tt=tb,r
(r=2,3,....,N) (1)
oty = Fot, + F,of, + Fof, = Fof, k=12,...,N,

Subscripts n and M are normal (out-of-plane) components of stress-
es from the assumed model. Boldfaced symbols are arrays. N is a
free parameter. Subscripts ¢ and b are values related to the layer
top and bottom surfaces, respectively. They consist of the linear
part of the expansion. Higher-order distributions in the z direction
(parabolic, cubic, etc.) are introduced by the r polynomials. Short
forms have been written by means of the t index; the usual summa-
tion convention is intended for this.
The thickness functions F; (¢;) are defined by
Py+ Py Py— P

Fi=—F—, Fy, = 7

F7=Pr_Pr—y
) 2

r=2,3,...,N

in which P; = P;(¢) is the Legendre polynomial of j order. The
chosen functions have the following properties:

1 E)=0y
&= _1

E) = 1,
The top and bottom values have been used as unknowns. Based on
this, the C? requirements can be easily linked. In fact, the compat-
ibility of the displacement and the equilibrium for the transverse
stress components read

F=1,
F, =0,

F,=0
F, =0

=uftY k=1,N -1
2

k (k+1)

Ont = Opp ’

k=1,N -1

In those cases in which the top/bottom plate stress values are pre-

scribed (zero or imposed values), the following additional C?-

requirements must be accounted for:
- N, -

Opy =0Cmy  Op =0 3
where the overbar is the imposed values in correspondence to the
plate top k = N; and bottom k = 1. As one remains within the small
deformation field, the in- plane and out-of—plane strain components
e ({exx, ;‘y, exv}) and e ({en, o € }) are linearly related to the
dlsplacements uk accordmg to the followmg geometrical relations:

¢ =D, ;=D @

The subscript G signifies that the previous strains originate from

geometrical relations, whereas D, and D, are in-plane and out-of-
plane differential operators, respectively (see Appendix A).

The lamina is considered to be homogeneous and to operate in

the linear elastic range. By employing stiffness coefficients, Hooke’s
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Fig.1 Geometry and notation of multilayered plates.

law for the anisotropic k lamina is written in the form o; = G J€j>
where the indices i and j, ranging from 1 to 6, stand for the index
couples 11, 22, 33, 13, 23, and 12, respectively. The material is as-
sumed to be orthotropic, as specified by Cu= C24 =Cy=Cq =
Cis = C25 = C3s = Cgs = 0. This implies that a and a" depend
only on €f, and €},. In matrix form,

p = C epG + CpnenG
&)

an = CnpepG + Cnn nG

and a ok, yy, ) are the in- plane stress components. Sub-
scnpts H are stresses evaluated using Hooke’s law, whereas
subscript G is the strain obtained from the geometrical relations
equation (4). A further subscript d signifies values employed in the
displacement formulation. Equation (5) is used in conjunction with
a standard displacement formulation, whereas for the adopted mixed
solution procedure, the stress—strain relationships are conveniently
put in the following mixed form:

oky =Ch

pp pG+C U

(6)
erI;H = Cﬁpel[c)G + Crlsn
where both stiffness and compliance coefficients are employed.
The relation between the arrays of coefficients of the two forms
of Hooke’s law is
k _ ¢k Fk —1 =k
Cpp - Cpp _Cp ( ) Cnp’

_1 ~ -1
( nn) np’ Cﬁn = (C:n)

Superscript —1 denotes an inversion of arrays. Explicit forms are
given in Appendix A.

PP |
Con = C(Chn)

ITII. Governing Equations for the Lamina

The displacement approach is formulated in terms of u* by vari-
ationally imposing the equilibrium via the principle of virtual dis-
placements. In the static case this establishes

N
5[] (bekuch, +sckscty ) ant e —oe )
k= k

~where & are virtual variations, whereas superscript T stands for

arrays transposition. The variation of the internal work has been split
into in-plane and out-of-plane parts and involves the stress obtained
from Hooke’s law and the strain from the geometrical relations.
Here, 8L, is the virtual variation of the work done by the external
layer forces p* ({p%, p¥, pt)).

In the mixed case, the ethbrlum ‘and compatlblllty are both
formulated in terms of the u* and o* unknowns via Reissner’s vari-
ational equation®®-3!:

N

KTk KTk
E /ﬁk‘/; [SepGapH+6e"GanM
k=1 k

+ 80k, (e — € y)]dQt dz = 5L ®)

The left-hand side (LHS) includes the variations of the internal work
in the plate: The first two terms come from the displacement formu-
lation; they lead to variationally consistent equilibrium conditions;
and the third mixed term variationally enforces the compatibility of
the transverse strains components.

On substitution of Egs. (1) and (4~6) and by integrating by parts,
the two earlier variational equations lead to governing differential
equations in terms of the introduced stress and displacement vari-
ables. The governing equations were written in terms of stress and
strain resultants in Ref. 37, where details on the treatment of the
variational equations are quoted.
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The displacement formulation yields to the following equilibrium
conditions:

Su: Ky uy = py ©)
The related boundary conditions are
Hsz.vuf = HZt\ﬁl\( (10)

whereas the mixed case leads to the following set of equilibrium
and constitutive equations:

k _ ak
u; =it; or

sk Kigut + Ky ok, = pt
amn
ok Kyt + K ok, = 0
and to the boundary conditions

k _ —k ks, k kts _k ks =k kts —k
T u, or Hu u.r + Ha o'm' - Hu u.\' + Ho Un.\‘
(12)

The subscript/superscript s =, b, r has been introduced to distin-
guish the terms related to the introduced variables from those related
to their variations. The earlier arrays of differential operators are
explicitly written in Appendix B. Their dependence on the arrays
introduced in Sec. Il is given as

u

K} = —D}(Z5:D), + 25 Dag + 257 Dig)
- Dl (Zfz;SD pt+ Z}7Dag + Z:;SZ)
+ZD, + Z5 Dag + ZE2

L™ = IT(Z5°D, + 24 Dag + 247 Dyg)
. - N (13)
+I, (Zﬁf“D o+ 2 Do + Zy7)

K‘l:;s — —DTZk”DP,

p“pp K = -DTzk 4 Eul — EeDg

ppn

K} = Eo,Dng + Eco I — Z,7'D), K =-Zky

o =I17Z5%D,, I = Z4 + E. I

The operators I, I, and I, are also definite in Appendix A. (The
last two arrays come from the integration by parts.”) The integration
on the thickness coordinate has been a priori carried out as usual
in two-dimensional modelings; the following layer stiffnesses and
integrals have been introduced:

(Zkr.\' ka Zkr." Zkrs Zkt.f an' Zkr.\'

kts
pp*“pn>“np > “nn>pp>Tpn> np'Znn)

=(C , Ck, C Ck, Ck . Ck L Ch L ChE,,

pp’ “pn?’ “np? “nn’ “pp’ ~pn’ “np’ ~nn
akts; ktzs kts; ktzs  pkigs;
(an ’ anz ’ Znn ’ Znn ’ Znn ) (14)

= (él}(m ET-"z 4 éﬁpEfz-"’ &ﬁn Eﬂ'z ’ éfm ETz-V’ é‘an‘fzSz)

(Efy, E‘Q.\': E‘tszv Ek ) = (F. Fy, thEn FrF:rzy Frzsz)dZ

1787
Ag

Explicit forms of these integrals are given in Appendix C for the two
cases of parabolic and linear expansion in Eq. (1). These two cases
are treated in the numerical part. Explicit forms of the governing
equations for each layer can be written by expanding the introduced
subscripts and superscripts in the earlier arrays as follows:

k=1,2,..., N, T=t,rb, s=t,r,b (@r=2,...,N)

IV. C! Requirements and Assembly from Layer
to Multilayered Level

The preceding section presented a mixed and standard displace-
ment formulation for the N, layers that have been considered to be
independent. To meet the C? requirements in Egs. (2) and (3), a
further step must be executed. Such a step becomes natural if one
writes the governing equations from a layer to a multilayered level.
For instance, one of the k-layer arrays in Eq. (9) or in Egs. (11) is

1 |
tt ! tr ' tb
&) 1 ®1_ K
...... LR - S A
1 1
rt . rr ., rh
k) 1 (&) 1 (k)
______ P S L
' '
bt « br i bb
®) ®r (k)
k-layer matrix
|
I I
PRI
Locdnn .
' 1
)
: e
[ k=N
1 1
i |

Multilayered matrix
Fig.2 Assembly of matrices from layers to multilayered level.

considered. Such an array is shown in Fig. 2. The nine contributions
to this array have been denoted in Fig. 2 by two subscripts related to
the top, r variables, and bottom terms. For convenience, these terms
are listed in the following order: ¢, r, b. First, the k-layer arrays are
set in a larger, multilayer array by ordering the layer from the plate
top k= N, to the plate bottom k = 1. Second the interface condi-
tions in Eqgs. (2) are imposed by moving the layer arrays along the
diagonal of the multilayer array. As a result one obtains the array
drawn in the lower part of Fig. 2. This procedure can be conveniently
implemented in a computer code. In fact, such a procedure is sim-
ilar to standard assembly techniques involved in a finite element
implementation.

The remaining Cf," requirements in Eq. (3) can be directly imposed
on the multilayer arrays. On multiplication of these arrays for the
known top/bottom plate stress values, the dimension of the same
arrays and the number of unknown variables are reduced. In the most
general case in which a stress or displacement is imposed, such a
multiplication produces loading arrays (see subsequent text). After
completely imposing the C? requirements, the arrays of the unknown
displacement and stress variables for the whole multilayered plate
take on the following forms:

_ AT AT AT oT o T T
u—{u,,, P S S Ul BN T o
k+DT k+DT. L N=DT vy -nT, o NT N T
uk+D" U+ DTy ,uM= DTy N
15)
_ 17 1T, _af aof | kT T,
0',,—{0',",'0’",, nt> ¥ nro o m’anr’
&+DT _k+DT. . W=D _wN-»T. _NT
o , Oy y a3 Opy , O 3Oy

In which the top and the r values have been chosen as layer un-
knowns.

The governing system of differential equations at a multilayered
level for the displacement formulation takes on the following form:

Ku=p in Q
(16)

u=1u or Iju=1ILu on r
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whereas for the mixed case, one has
K,u+K,0o, =p +P1Nl

| an

K,uu +Ky50, = P},N’

with boundary conditions

u=a o ILu+M,0,=0a+1,5,+¢™ (18)
where plM, plVi and gl™ are the arrays obtained from the trans-
verse stress values imposed at the top/bottom of the plate in Eq. (3).
A more detailed description of the techniques used to build the mul-
tilayer arrays is given in Ref. 4.

The boundary values problem governed by Egs. (16-18) in the
most general case of geometry, boundary conditions, and layouts
could be solved by implementing only approximated solution pro-
cedures. The particular case in which the material has the properties
Cig = Cog = C3¢ = C45 = 0 has here been considered, for which
Navier-type, closed-form solutions can be found by assuming the
following harmonic forms for the applied loadings and unknown
variables:

mmx ., nw

(4, ko pE) = D (U%, S, PE) cos == sin 22

m,n

mimwx nmy
k k kY __ k  ck
(ut, ok, P},) = Z (U}, 8., P)sin — o == 19)
m.n
mmnx nmwy
k _ k ¢k k : .
(uz zu ’ plz - Uz ’ Szz: 21) Sin a sin b

m,n

where a and b are the plate lengths in the x and y directions, re-
spectively, whereas m and n are the correspondent wave numbers.
Capital letters on the LHS are correspondent maximum amplitudes.
On substitution of Egs. (19), the governing equations assume the
form of a linear system of algebraic equations. The explicit forms
assumed by the k-layer arrays are given in Appendix D. Naturally,
related multilayer arrays are obtained by implementing the same
assemblage just described. This procedure has been coded, and the
results are discussed in the next section.

V. Results

In this section the proposed LWM is applied to sample plate
problems and compared to available ESLM, LWM, and three-
dimensional elasticity solutions. The simply supported plate is bent
by a transverse bisinusoidal distribution of normal pressure applied
on the top surface of the whole plate pg'. Two problems are dis-
cussed: 1) cylindrical bending in the x direction (m =1 and n =0)
and 2) square plates (m =n = 1). Symmetrically and unsymmetri-
cally laminated, as well as sandwich thick and thin, plates are inves-
tigated. In-plane and out-of-plane stress and displacements results
are discussed. If not differently declared, the following mechanical
data of the lamina are used!: E; = 25 x 10° psi, E; = 1 x 10 psi,
Gy = 0.5x10° psi, Gy = 0.2 x 10° psi, and v, = vpr = 0.25,
where, following the usual notation,® L is the fiber direction, T the
transverse direction, and v, the major Poisson ratio. The material
is assumed to be square-symmetric, and consistent units are referred
to. Values corresponding to the plate point in which the stresses and
displacements assume their maximum amplitudes in Eq. (19) are
quoted in the subsequent analyses. All figures show the distribution
of these amplitudes (as ordinate) vs the plate thickness direction
z/ h (as abscissa).

For comparison purposes, the one-dimensional case related to
cylindrical bending treated in Refs. 1, 15, and 33 has first been con-
sidered in Table 1 and Figs. 3—6. Table 1 compares the maximum
values of the transverse deflection of the midplane for symmet-
rically and unsymmetrically laminated cylindrically bended thick
plates with a/k = 4. The maximum traverse displacement is
U, x 100Erh*/PMa*. Cross-ply (with equal thickness in each
layer) and arbltrary laminates described in Tables 2 and 3 are
considered. Results related to the present and various other avail-
able models are compared to the elasticity solution.! The follow-
ing remarks can be made. Even though transverse normal stress

Table1 Comparison of present analyses to three-dimensional
elasticity and others ESLM and LWM results

N =3 N =5 N =4 N =3 N =5
Models  0/90/0 0/90/0/90/0 0/90/0/90 Laminated of Table 2
Elasticity!  2.887 3.044 4.181 2341 2456
ESLM310 S 3.587 _ S
ESLM22¢8 2907 3.018 3.316 1.992 1.261
ESLM1B _ 4.083 2.200 2.249
LWM? 2.907 3.059 4202 2364 2.467
Present analyses
M-p 2.891 3.043 4.181 2341 2450
(3.026) (3.173) (4.316) (2467)  (2.585)
M-1 2.791 3.005 4.163 2301 2455
(2.920) (3.137) 4291) (2436)  (2.588)
D-p 2.870 3.040 4.164 2333 2443
(2.999) (3.171) (4.282) (2463)  (2.578)
D-1 2783 2.984 4.058 2304 3.395
(2.907) (3.116) 4.172) (424) (2527)

Elastlclty o
ESLM1 +
ESLM2 -

A5+¢
24t
25 ¢
3t
-35 - - : .
04 0.2 0 02 04
z/h.

Fig. 3 Amplitude of in-plane displacement U, X (ET/PZ’h) vs z/h;
comparison of present and other ESLM results to three-dimensional
elasticity! ; antisymmetric four-layer case, a/h = 4.

11 T T T T

107

10.6

105 b

104 L— : : : :
04 02 0 02 04

Fig. 4 Amplitude of transverse displacement U, X (ET/P,I,v 'h) vs z/h;
comparison between mixed and displacement results; antisymmetric
four-layer case, a/h = 4.

is included in ESLM3! analysis, better results are obtained by
ESLM1," in which such a stress is discarded. Such an improve-
ment must be due to the fact that the C? requirements are par-
tially fulfilled by the ESLM1 analysis. The model ESLM2!3 (which
does not fulfill zero top-bottom plate conditions on the trans-
verse shear stress) consists, in the linear case, of the cubic dis-
placement model ESLM1. Naturally, ESLM1 works better than
ESLM2. This becomes much more evident for asymmetrically
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Table 2 Geometry of arbitrary three- and

five-layer laminates
N, k layer hy Material
3 1 0.25 3

2 0.40 1

3 0.35 2
5 1 0.10 1

2 0.25 2

3 0.15 3

4 0.20 1

5 0.30 3

Table 3 Mechanical properties of laminates

Material Cu/Er Cu/Er
1 1.0025 0.2
2 32.631 . 8.21
3 25.0627 0.5
25 . T T r
M-pM) —
EhIA'P(:‘D)
2 asﬂcﬂy o ]
ESLM1 +
15 1
- Df. +
X
s 17 ' ]
n +
05 v
0
05 ! * + !
04 0.2 0 0.2 04

z/h

Fig.5 Transverse shear stress amplitude S,; X (IIPZI:] ") vs z/h; compar-
ison of present and other ESLM to elasticity! ; antisymmetric four-layer
case,a/h = 4.

12 T T r T

08

s
% 06}

0.4

02

02 . . ; .
04 0.2 0 0.2 04
z/h

Fig. 6 Transverse normal stress amplitude S,; X (l/PZI:' "y vs z/h; com-
parison of different manners of evaluating it; antisymmetric four-layer
case, a’h = 4.

laminated plates. Nevertheless, the results obtained using equiva-
lent single-layer theories show a poorer description with respect to
the layerwise mixed model in Ref. 33. In this last work the trans-
verse normal stress is neglected, and the transverse shear stress is
assumed to be parabolic in each layer, whereas the in-plane dis-
placement field remains linear. The better description obtained in
Ref. 33 shows the superiority of LWM results with respect to ESLM
analyses. Results related to the present mixed M and displacement

D formulations are given in the lower part of Table 1. The present
analysis incorporates both a linear / and a parabolic p displacement
and/or transverse stress fields in each layer. The transverse displace-
ment being variable in the thickness direction (see also Figs. 4 and
7), the maximum values corresponding to the plate top have been
written in parentheses. First, one can notice that, from among the
several theories, the present M-p results remain the best descrip-
tion of laminated plates with respect to three-dimensional elasticity.
Such accuracy is not affected by stacking sequences of the layers for
all of the considered layerwise results: A good description has been
obtained for both symmetrically and nonsymmetrically laminated
plates.

Figures 3-6 consider the cross-ply, four-layer asymmetrically
laminated plates with a/ h = 4. The distribution of the displacements
and transverse shear and normal stresses in the thickness direction
have been plotted. Comparisons to three-dimensional elasticity and
ESLM results have been presented where available. (Because of the
sign of the applied loadings, the signs of the results of other au-
thors have been changed.) Figure 3 confirms what was found in the
Table 1 discussion. Figure 4 shows that the thickness variation of
the transverse diplacement can be significant. Because of the low
average of the transverse anisotropy of the considered multilayered
plates, the zigzag effects are barely evident. Figure 5 compares the
transverse shear stresses a priori evaluated using the model (M) to
those obtained a posteriori by means of integration of the three-
dimensional elasticity (3D) indefinite equilibrium equations. The
elasticity results quoted in Ref. 15 are also drawn. What has been
found in Ref. 37 for symmetrically laminated cases can be extended
to arbitrary laminated plates, that is, (M- p) analysis leads to excel-
lent a priori descriptions of the transverse stress fields. Such a priori
accuracy cannot be acquired using the ESLM analysis. Figure 6
shows the transverse normal stress field. As underlined in Ref. 29,
this stress component has been seldom considered in previous stud-
ies. Displacement and mixed results are compared. For the mixed
case the value obtained from the model (M) Eq. 1 and those (3D)
obtained by postprocessing the three-dimensional indefinite equi-
librium equations are given. These last values (3D) and those from
Hooke’s law Eq. (6) (H) are also plotted for the displacement for-
mulation case. Inescapable numerical errors involved in the post-
processing calculations prohibit an exact fulfillment of the top-plate
conditions for both (3D) cases. Furthermore, the use of material law
leads to discontinuous stress values in correspondence to the layer
interfaces.

A square plate with five layers (cross-ply [0/90/0/90/0] lami-
nated) with equal thickness has been investigated in Figs. 7 and 8 as
another problem. Several values of the transverse anisotropy ratio
Ry=C};/C{} (C; and C}} signify material coefficients of layers
whose orientation corresponds to 0 and 90 deg, respectively) and

25 —— : g : -
(12) —
(1(11'3) -
20 15,2) —
. 54)
3{;‘ 5,10) -

5 10,2; B
8 15 04) - S —
L]

X
)

0 1 1 1 1
04 0.2 0 0.2 04
z/h

Fig. 7 Transverse normal displacement amplitude U, x 100(E7h3/
PJ1a*) vs z/h; symmetric cross-ply laminated square plates with differ-
ent values of transverse anisotropy and thickness ratio (Ry, a/h).
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Fig.8 Transverse normalstress amplitude U, X (lle)y "y vsz/h; symmet-
ric cross-ply laminated square plates with different values of transverse
anisotropy and thickness ratio (R, a/h).
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Fig.9 In-plane displacement amplitude U, X (ET_th/PzIy 'a%) vs z/h of
sandwich plates.

of the thickness ratio a/k have been treated. These values are la-
beled in parentheses and separated by a comma. An increase in the
transverse anisotropy and thickness leads to higher discontinuity of
the interface derivatives for both transverse displacement and stress
components. It has been confirmed that the variation of u3 along z
cannot be neglected for thick transversely anisotropic plates. As far
as transverse normal stresses are concerned, due to the top—bottom
plate conditions, it can be remarked that their absolute values do
not change very much from thin to thick plates, although it is well
known that other stress components increase in thin plates (see also
subsequent figures). This is why o,, can be discarded in thin plate
analysis.

The in-plane and out-of-plane characteristics of sandwich thick
and thin plates are considered in Figs. 9-12 as a last application.
The sandwich consists of an asymmetrically cross-ply [0/0/90]
laminated plate. The core coincides to the middle layer. The value
of the ratio R. =10 is considered (Ro= C;?j / ij where C}‘j and
C;; signify material coefficients of skins and core, respectively).
The used thickness values of the core and skins are h,=0.9h
and h, = 0.05h, respectively. The zigzag form of the displacement
fields of thick sandwich plates is evident in Figs. 9 and 10. Thick
plates show high variations of u3 in the thickness direction. In-
plane normal stress and transverse shear stress values are plotted
at Figs. 11 and 12, respectively. The transverse shear deforma-
tion capability of skins should not be neglected in thick sandwich
cases.

-04 0.2 02
z/h :

Fig.10 Transverse displacement U, X lO(l(E‘Ths’/PZI,V 'a%) vs z/h of sand-
wich plates.
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Fig. 11 In-plane stress Sy, X (hzlP,iV 1q2) vs z/h of sandwich plates.
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Fig.12 Transverse shear stress S, X (llel,v ') vs z/h of sandwich plates.

Conclusions

The numerical performances of LWM theories formulated on the
basis of Reissner’s mixed variational equations are discussed. Exact
closed-form solutions, related to bending of symmetrically, asym-
metrically laminated, and sandwich plates are considered. From a
two-dimensional modeling point of view, the following points can
be made.

1) With respect to existing theories, the proposed models permit
one to completely and a priori fulfill the continuity conditions at the
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interfaces for both displacement and transverse stress components
(transverse displacement and transverse normal stress included).

2) The use of top and bottom values as unknown layer variables
permits one easy linkage of the continuity conditions at a previous
point by writing the governing equations from a layer to a multilay-
ered level.

From the numerical analyses conducted, the following main con-
clusions can be made.

1) It has been confirmed that equivalent single-layer theories
could be inadequate to evaluate transverse normal stress and the re-
lated effects of thick laminated plates. Furthermore, their accuracy
depends very much on the anisotropy properties of the multilayered
plates.

2) Mixed models lead to better description than standard displace-
ment models. The related results match three-dimensional elasticity
solutions very well. Furthermore, they lead to excellent a priori de-
scriptions of transverse stresses, which means that such stresses can
be evaluated without requiring any postprocessing procedures.

3) The accuracy of the present layerwise modelings has been con-
firmed for symmetrically and asymmetrically, as well as arbitrarily
laminated, plates.

As the proposed models are of a two-dimensional type, they can be
used instead of three-dimensional elasticity as reference solutions to
assess simplified models. In fact, approximate solution procedures,
e.g., finite elements, could be implemented to solve more compli-
cated and general problems. In this respect, the computational costs
could become prohibitive due to the dependence of the number of
the unknowns on the number of layers. In such a case the use of a
global-local approach would become imperative. These problems
should be addressed by future investigations.

Appendix A: Arrays of Section IT

The arrays in the mixed Hooke’s law referred to a generic fiber
orientation with respect to the x axis are

ch ok 00 Cf
Cp=|Ch Ch Cil, Con=10 0 C
Cls Cis Ces 0 0 Ci
0 0 0 Cs —Cis 0
c,=| 0 o o [ ~c=|-ck cf o
~Cly —Cly —Cl o 0 C
where
.. CKCk
Clkaclkj—_l—zi, irj=1’2’6
Cas
C¥ '
C’g:,_—f—, l=1,2,6
Cs
ko 1 ck = Cla k Eg—s
8= Ek 44 A’ 55 A

33

C’<=C_§5
45 A’

The arrays of differential operators on QF are

A= (i‘ﬁ@g‘s - 6552

3 0 O] 3, 0 0,
D,=|0 3 0|, D,=|0 34 ay}
9 9 0] 0 0 &,
0 0 8] % 0 0
D=0 0 8|, D,=|[0 3 0
00 0 0 0 4,

The further arrays introduced at Eq. (13) are

1 00 1 00 0 01
I={0 1 0}, I,={0 1 0}, ILo=|0 0 1
0 0 1 1 10 0 0 0

Appendix B: Arrays at Equation (13)

The explicit forms of the differential operators related to displace-
ment formulations are

kxx kxy kxz Tixx Tlxy 0

kts ’ kts __
K™ =k kyy ky |, II" = |y 7y O
ko kzy k., Tox  Tzy Tz

where
kew = EX | Caa — EX (CH 0, + 2C%(8:0, + 8,0,) + Cidyy)
kxy = kys = Eq,y,Cas — EX (CH0ex + Clde 8y + Chidy i + Chedyy)
ke = —Exg, (Cly0, + C&0,) + Eoro (G0, + Ci5d,)
kyy = Eqy, Css — EX (Ch8,, +2C% (8,0, + 9,0;) + Clidur)
kye = —Evy, (CL0, + Chedy) + Expy (Clidy + Chidy)
ko = Eqy (€05 + C450,) — Eey, (G0, + Chid,)
ky = Eqy (6533,, + é;sax) - E,, (éfsax + Ci59,)
ke = EX,, oy — EX (Clides +2Ck5 (020, + 9,0.) + Csd,y)
Tex = EX,(Ch + Ck)a, + EX (Cls + Ck)a,
ey = Myx = Egg(Cls + Cls) 9, + EX (Ch, + C55)d,
Ty = By (Cls + Cle) 3 + B4, (Chr + Ci)dy
s = Exy, (Ciy + Cls), Moy = Erg, (Cis + Cs)
m, = EX (Cly + C&)os + EX (Cks + CX)a,

For the mixed case one has

CliBex +2C(3:3y + 8y8:) + Césdyy  Chedex + Chydidy + Clsdydc + Chgdyy 0

kTs k .
Km? = _En symmetric

Etzx 0 _Efx(cf’sax + Cé‘(,ay)—
Kﬁ? = 0 Eos _Ei‘.\- (Cl;sax + C§33y) ’
_Ef_‘-ax —Et.\'ay Etz‘\' . .
ko
K =EX| Chs —Ch O L™ = Ef,
0 0 —Ck

K = 0 Eq,

C5,0yy +2Cks(0:9y + 3,0;) + Clgdex O
0

E., 0 E* 0,
EI:.\' a}’

E]rcs (C,f38x + C§6f)y) E%, (C§63x + Clz‘say) E.,

[(CY + Clg)ae + (Cls + Cs)dy  (Cls + Clg)dx + (Cl + C)3, 0
(Cls + Ch)d: + (Cis + C&) 3y (Chs + Chs)dx + (Ch, + Cho)dy

0 0 0
0 0 Cf

e =t 0 0 ch

11 Ck
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Appendix C: Integrals of Equation (14)
The integrals at Egs. (14) related to a linear field in the k-layer written as arrays hold:

Lol Lol 11 1 -1

k 3 6 —_| 2 2 _|2 2 ko

E,“, = hk 1 1l Etz.\' - _1 1| EN‘z =l1 _1 Efz‘\‘z h_ [_1 1]
6 3 2 2 2 2 k

For the parabolic case they are
1 1 1 1 1 1
i i -l 3 1 1 -3 oot
Ef =m|-% ¢ -3|, En=| 1 0 -1|, E,=|-1 0 1], Eﬁz&:h— 0 12 0

1 1 1 1 1 kil

§ -1 3 -2 1 = ; —1 -3 1o 1

Appendix D: k-Layer Arrays Related to Navier-Type Solution
For the case of Navier-type solutions the preceding arrays take the following algebraic forms (the two parameters « = mn/a and 8 = nw /b

are introduced):

Ef Cu + EX (*CY, + BCE) EaB(Ch, + Ck) @(—Ee, Cly + ETz»"éf‘i(At)
pkts ~ = ~ ~ ~ ~
K" = Ez,aB(Cl, — Cg) E},,Css + Es (CH,B* + C®) B(~Ew,Ch + EvsC35)
—(ExsCli — Evr, Cly) —B(ExsCls — Exs, Cls Ez, Css + Evo (0’ Cladx + B7CY5)
» E* (—Cla + CEpB)  EX (Chka — ChB) 0 A ~C}e? — C§&B* —Chap — Cgap 0
¢ = | EX(=Cha + C&B) EX(Chka — C4B) 0 , K =—EY |  symmetric —Ckp? —Cka® 0
Ee,Cly ECl B4 (Cha+Clsp) °
Eq,y 0 —E; Cla E.y, 0 Efo ~C%  Cls 0
IA{S;’Y - 0 Efzﬂ‘ _Elt(\Cf?ﬂB ’ IA{(’)“T = 0 EN’Z E::c\ﬂ ’ IA((’;;\‘ = E’;\ C"{S _C!f‘l 0
Ela E{B  Ey —E{,Cha —E{Cip  Ex, 0 0 -G
_Cfl"‘ + Cgﬁﬁ Ct”:ﬁa -ChB O 00 C{CS
~ kts A kTs
Hut = E'}r(.\' "sza + C&ﬂ Cgﬁ“ - ngﬁ 0f, Hut = Efs 0 0 Cj5
0 0 0 11 0
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